A detailed a priori error estimate is provided for a continuous-discontinuous Galerkin finite element method suitable for two-dimensional geophysical flows. Special attention is given to derive estimates which require only minimal smoothness in the vorticity field.
Introduction.
The accurate numerical simulation of geophysical flows over long periods of time frequently requires the preservation of invariants of the flow field, such as energy and enstrophy conservation. These requirements are non-trivial and an active area of research in numerical analysis. A promising new technique for geophysical flows is provided by the recently developed Continuous-Discontinuous Galerkin (CDG) finite element method [4, 9, 10] , which is capable of preserving important invariants of the flow field also at the discrete level. The accuracy of the CDG finite element method is discussed in [4, 9] , but the a priori error analysis requires quite strong smoothness assumptions, which often are not realistic. The main objective of this paper is to analyze the CDG finite element method for geophysical flows under only very weak smoothness assumptions. This will significantly extend the range of applications covered by the error estimates.
The geophysical problems studied in this paper can be described by a hyperbolic equation for the (potential) vorticity ξ and an elliptic equation for the streamfunction ψ. The coupled set of equations in a singly connected domain Ω × (t 0 , T ) ⊆ R 2 × (t 0 , T ) is defined as
(1/A)∂ t ξ + ∇ · (ξU) = 0, (1.1a) T the tangential vector at the domain boundary. Initial conditions are provided by specifying the initial vorticity field ξ 0 . The generalized system (1.1) serves as a model for several fluid flow problems by choosing A, B and D to yield the incompressible two-dimensional (2D) Euler equations [7] , the quasi-geostrophic equations [12] , and the rigid-lid equations [8] , often used in atmosphere and ocean dynamics. An overview of the specific values of the coefficients A, B, D for these different problems can be found in [4] . In all these cases ξ represents the (potential) vorticity of the fluid, u = AU the velocity and U the (mass transport) velocity of the fluid.
The CDG finite element method was introduced in [9, 10] for the 2D Euler equations and extended in [4] to the generalized 2D vorticity dynamics equations (1.1) in multiple connected domains. Apart from detailed numerical experiments also a complete a priori error analysis was given in [4] for the CDG finite element discretization of (1.1) under slightly less restrictive assumptions than the analysis for the 2D Euler equations discussed in [9] . The analysis requires, however, that the vorticity field belongs at least to H 2 (Ω), which is frequently not valid.
In order to alleviate this restriction we provide in this paper an error analysis which imposes only weak smoothness requirements on the (generalized) vorticity field. This analysis extends the work in [10] , which proves convergence of the CDG finite element algorithm for the 2D Euler equations when the initial vorticity field is in L 2 (Ω), in two ways. In the first place we consider the generalized 2D vorticity dynamics equations (1.1) instead of the 2D Euler equations, and in the second place we provide detailed a priori error estimates in terms of the mesh size and initial vorticity. This result shows that the CDG finite element method in [4] is applicable to a wide range of geophysical problems, with only weak smoothness requirements on the vorticity.
The outline of the paper is as follows. After some preliminaries in Section 2, we briefly state in Section 3 the CDG finite element method for (1.1). Next, we recall in Section 4 some important properties of the CDG finite element method regarding energy conservation and enstrophy stability, since these properties are essential for the error analysis which we present in Section 5.
Preliminaries.

Function Spaces.
We denote with Ω a simply connected bounded domain Ω ⊂ R 2 with Lipschitz boundary ∂Ω. For any nonnegative integer k, C k (Ω) denotes the space of all functions w which, together with all their partial derivatives D α w of order |α| ≤ k, are continuous in Ω. For 0 < λ ≤ 1, we define C k,λ (Ω) to be the subspace of C k (Ω), with Ω the closure of Ω, consisting of those functions w for which for 0 ≤ α ≤ k, D α w satisfies in Ω a Hölder condition of exponent λ. That is there exists a constant C, such that
The Lebesgue spaces are denoted by L p (Ω), with 1 ≤ p ≤ ∞, and are equipped with the norm w p,Ω = ( Ω |w| p dΩ) , where 1/p + 1/p = 1, and (w, v) Ω denotes the duality pairing between w and v with L 2 (Ω) as pivot space. All the above definitions also apply with the domain Ω replaced by the element K or its boundary ∂K. Finally, we define the broken Sobolev spaces W s p (T h ) for all s ∈ R as the space of functions such that their restriction to each element K ∈ T h belongs to W s p (K).
Interpolation Operators.
In the error analysis we assume a quasi-uniform mesh (see [5] , Section 4.4) with tessellation T h . Since the vorticity field is not necessarily continuous we use the more general Clément-type interpolation operator defined in [3] . Let T h be a regular partition of Ω into triangles or quadrilaterals, then the macro-elementK, associated to element K ∈ T h , consists of those elements which share at least one vertex with K, henceK = int ∪K , K ∈ T h | K ∩ K = ∅ , where the overbar denotes the closure of a set and int the interior. The n elements K ∈ T h constituting the macro-elementK are denotedK i , with 1 ≤ i ≤ n. With each elementK i we associate a reference element K i using the continuous and invertible mapping
the reference macro-element associated toK. Both elements are connected with the mapping FK : K →K, which consists of the individual mappings FK i , with 1 ≤ i ≤ n. Next, we define the local finite element spaces on the macro-elementK and its reference macro-element K as follows
with P k polynomials of total degree less than or equal to k on triangles and of degree less than or equal to k in each coordinate direction on quadrilaterals. For any functionû in
and for any function u in
The following lemma on the interpolation error is proved in [3] , Theorem 2.2 and Remark 4 for triangles and Theorem 3.5 and Remark 5 for quadrilaterals. LEMMA 2.1. For any integers k ≥ 1 and any real numbers t and p, with 0 ≤ t ≤ 1 and 1 ≤ p ≤ ∞, provided the function u belongs to W s p (K), there exists a constant C, depending only on the regularity of T h , such that for any elementK i ⊂K |u − PKu| t,p,Ki ≤ Ch
and |u − PKu| t,p,∂Ki ≤ Ch
4)
with h K the diameter of elements K ∈ T h .
Finite Element Method.
The potential vorticity equation (1.1a) and the generalized stream function equation (1.1c) are discretized with a discontinuous and a continuous Galerkin finite element method, respectively. The key benefit of this approach is that we can ensure under certain conditions that the discretization satisfies important constraints, such as energy conservation and enstrophy stability, which are summarized in Section 4. In this section we summarize the CDG finite element method for the system (1.1). More details can be found in [4] . 
Continuous Galerkin Discretization for
and is determined implicitly by the circulation condition (1.3), which arises as a natural boundary condition in the weak formulation (3.2). For more details, see [4] . Introduce now the space
In addition, we define the finite element spaces
The weak formulation for (1.1c) at time t then can be straightforwardly derived and is equal to:
with the operators L :
with C given by (1.3). Note, both ξ and C depend on time, hence also ψ, but in order to keep the notation concise this is not made explicit. Similarly, we obtain by restricting ψ and w to the finite dimensional space W k h the following continuous finite element formulation: Find a ψ h ∈ W k h , such that for all w ∈ W k h the following relation is satisfied:
with ξ h the discrete vorticity field computed with the discontinuous Galerkin finite element discretization specified in the next section.
Discontinuous Galerkin Space Discretization.
The weak formulation (in space) for the (potential) vorticity equation (1.1a), with U replaced by (1.1b), can be defined straightforwardly as:
Find a ξ ∈ L ∞ (Ω), such that for all v ∈ H 1 (Ω) the following relation is satisfied: 6) where the boundary contribution should be interpreted in the sense of traces and ψ is given by (3.2). For the discontinuous Galerkin (DG) discretization, we define the following space of discontinuous functions
Note, conservation of energy of the numerical solution requires W k h ⊂ V k h (see [4] ). The DG weak formulation is now equal to:
Find a ξ h ∈ V k h such that for all v ∈ V k h the following relation holds: 8) with the operator 9) where the superscripts + and − denote the trace values at the boundary point ∂K taken from the inside and outside of the element, respectively. Here,f denotes the numerical flux which is necessary to account for the discontinuity in the DG basis functions at the element boundaries. The numerical flux is defined as:
with U n = U h · n = ∇ ⊥ ψ h · n and α LF ≥ 0. For ease of notation, we also write the numerical flux asξ
A common choice is α LF = max |U n | with a local or global maximum. For α LF = 0 and α LF = |U n |, we obtain the central and upwind flux, respectively.
Conservation of Energy and Enstrophy.
The equations for generalized 2D vorticity dynamics (1.1) and the numerical discretization given by (3.5) and (3.8) satisfy a number of important invariants and constraints, including energy and enstrophy conservation, which we summarize here since we need these results in Section 5. Define for A(x, y) > 0 and B(x, y) ≥ 0 the total energy E and Casimirs C of the flow field as
with C a ∈ C 1 (Ω) functions of the generalized vorticity. For the case C a (ξ) = ξ 2 /2, the enstrophy S(ξ, t) emerges as a particularization
3)
The system of equations for generalized 2D vorticity dynamics (1.1) satisfies the following invariants: LEMMA 4.1. Assume that A, B ∈ L ∞ (Ω), with A > 0 and B ≥ 0, then the energy E(ψ, t) and Casimirs C(ξ, t) of system (1.1) subject to slip flow boundary conditions (1.2) and constant circulation (1.3) , is conserved:
4)
hence also the enstrophy S is conserved
For a proof, see e.g. [4] . The numerical solution of the generalized 2D vorticity dynamics equations (1.1) (partly) satisfies the same invariants: LEMMA 4.2. Consider the solution of (3.5) and (3.8) 
subject to slip flow boundary conditions, (1.2). The energy E associated with this numerical solution is a conserved quantity and the enstrophy S is bounded:
dE(ψ h , t) dt = 0, (4.6) dS(ξ h , t) dt ≤ 0. (4.7)
For the central flux (3.10a), the relation for the enstrophy (4.7) becomes an equality.
For a proof see [4] .
Error Analysis.
In this section, we will prove an a priori error estimate for the CDG finite element discretization, given by (3.5) and (3.8), for the generalized 2D vorticity dynamics equations (1.1). The key objective is to minimize the requirements imposed on the smoothness of the vorticity field ξ. This estimate provides an extension of the error estimate Theorem 11 in [4] , which required the vorticity field ξ to belong H 2 (Ω). We introduce the errors = ξ − ξ h and δ = ψ − ψ h in the vorticity field and streamfunction, respectively, and their PK projection
These errors are bounded by the following error estimate. THEOREM 5.
Assume that Ω is a polyhedral singly connected domain and that the vorticity field satisfies the condition
, with r ∈ R, r ≥ 0. In addition, we assume that the coefficients in (1.1c) 
, then the error in the CDG finite element discretization (3.5) Proof. We start with an analysis of the error in the DG finite element discretization for the vorticity equation, where we initially assume that ψ ∈ C 0 (Ω) ∩ H 1 (Ω), which will be confirmed in the second part of the proof by a regularity estimate. This also implies that ∇ ⊥ ψ · n = − ∂ψ ∂τ , with τ the tangential vector at ∂K, has the same trace when taking the limit either from the inside or the outside of element K.
and (3.8) on a quasi-uniform mesh T h , with h < 1, can be estimated as
First, we consider the error at a fixed time t. Subtracting the discretized weak formulation (3.8) from (3.6), with Ω restricted to K and v to V k h , yields the error equation:
Adding and subtracting the projections PKψ and PKξ yields the following relation for the error in the vorticity field
Note, since the projection PKξ is continuous on the macro-elementK and K ⊂ int(K) we have PKξ − = PKξ + = PKξ at ∂K. Introducing the definitions for h and δ h given by (5.1) results in the error equation 
where in the first step we integrated by parts and introduced PKξ = − h + ξ − h and in the second step we used
Similarly, we obtain for
For the upwind flux we obtain a similar relation with
) and (5.6), where sign is the sign function, with sign(x) = −1 if x < 0 and sign(x) = 1 if x ≥ 0. If we introduce (5.5) and (5.6) into (5.4) and use the relation
then we obtain the following relation for for all
where we used for the fourth term on the left hand side ξ
. Note, the right-hand-side only depends on ξ h , ψ and the interpolation errors ξ −PKξ and ψ − PKψ, but is independent of , h and δ h . Using the generalized Hölder inequality ([1], Corr. 2.6, p. 25) we can estimate Q K as: 
with 0 ≤ s ≤ k + 1, 0 ≤ t ≤ k and p > 2. Similarly, using (2.4), together with the fact that the normal vector n has length one and the triangle inequality, we can estimate the boundary contributions in (5.8):
h , which is a finite dimensional space, we can directly use the equivalence of norms in a finite dimensional space to obtain the inverse estimate (see e.g. [6] , p. 137)
which, combined with the triangle inequality, gives for the central flux
and a similar relation in case of the upwind flux. If we choose t = s + 1 2 in (5.12) and use (5.13) then we obtain
with − 1 2 < s ≤ k − 1. If we introduce (5.9)-(5.11) and (5.14) into (5.8), together with the relations ∇ ⊥ ψ · n ∂K ≤ C ψ 2,2,K , which follows directly from the trace theorem (see [5] , Theorem 1.6.6, p. 39), v − ∂K ≤ C v − ∞,∂K , and using the imbedding theorem for L p spaces ([1], Theorem 2.14, p. 28), then we obtain
with p > 2, q = 2p p−2 and where s ∈ R, 0 ≤ s ≤ k − 1 is determined by the smoothness of ξ and the order k of the polynomial basis functions. Note, due to the condition W k h ⊂ V k h , which is necessary to ensure conservation of energy as stated in Lemma 4.2, we have to use at least the same polynomial order for ξ h as for ψ h . This condition is, however, not essential for the present proof, which only requires polynomials of order k − 2 for the vorticity field ξ h when polynomials of order k are used for the stream function ψ h , but then the discrete energy is not conserved anymore.
Next, we use Lemma 4.1 which shows that
with u 0 the initial velocity field and we used (1.1b) with U = u/A and the relation ∇ ⊥ ψ Ω = ∇ψ Ω . Using Lemmas 4.1 and 4.2, we can also bound the L 2 -norm of the vorticity by the initial vorticity
with ξ 0 the initial vorticity. An upper bound for the norms of ψ can be obtained using the fact that the differential operator in (1.1c) is strongly elliptic (L in (3.3) is a symmetric and coercive bilinear form on H 1 (Ω), see Theorem 4.7, p. 122 and (4.7) p. 119 in [11] ) and using the regularity estimate Theorem 4.18 (i), pp. 137-138 in [11] . This, together with the boundary condition γ(ψ) = c D (t) at ∂Ω D , where c D ∈ C 0 [t 0 , T ] is implicitly determined by the prescribed circulation (1.3), and the condition A, B ∈ C s,1 (Ω), implies that 19) where
and G 2 open subsets of R 2 such that G 1 is a compact subset of G 2 , and Γ 2 = G 2 ∩∂Ω with Γ 2 is C s+1,1 . Here, G 1 intersects the boundary of Ω and G 2 has a smooth boundary not necessarily completely contained in Ω. Note, the constant C in (5.19) does not depend on ξ and using the boundedness of c D (t) also not on t. An estimate for ψ 1,2,Ω2 satisfying (3.3)-(3.4) together with the boundary condition (1.2) can be obtained directly from Theorem 4.10 (i), pp. 128-129 in [11] . Introducing this result into (5.19) we obtain
where we used that Ω can be covered by a finite number of sets Ω 1 . Note, the regularity estimate (5.20) also applies for K ∈ T h which follows directly if we set
(Ω), s ≥ 0, is embedded in C 0 (Ω) (Theorem 4.12 [1] , p. 85) this also confirms the assumption made at the start of the proof, namely that ψ is continuous. The regularity estimate (5.20) can also be used in (5.16) to obtain the estimate
and using the Sobolev imbedding theorem W 
with q > 2, which follows directly from the relation q = 2p p−2 and the condition p > 2. In the first inequality we used the trace theorem and in the second inequality we used the imbedding theorem for L p spaces ([1], Theorem 2.14, p. 28), which implies ξ s,2,K ≤ C ξ s,∞,K , and the Sobolev imbedding theorem W 1 q (K) → L ∞ (K) with q ∈ R, q > 2, see [1] , Theorem 4.12, pp. 85-86. We now introduce (5.22) into (5.7) and divide this expression by v 1,q,K . Finally, we take the supremum over all v ∈ W 1 q (K)\{0}, sum over all elements K ∈ T h , integrate in time and obtain an expression for in the norm of the W 
